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Previous studies of the distortion of the electric double layer around a charged sphere
have assumed that the electric stresses are small compared with the viscous stresses.
The flow around the particle is therefore changed only slightly by the presence of the
charge cloud. This change is measured by the Hartmann number, and in § 6 we remove
the restriction that it should be small. It is found that the previous linearized theory is
sufficiently accurate for typical experimental values of the Hartmann number.
Previous studies have also assumed that the potential at the surface of the particle is
small. This assumption is removed in § 7 of this paper. For values of the non-dimen-
sional surface potential smaller than 2 the predictions are altered by less than 10 %,.
For higher values the differences between linear and nonlinear theory are not negligible,
especially when the charge cloud is thin compared with the radius of the charged sphere.

1. Introduction

The dynamical behaviour of a suspension of charged particles differs from that of a
similar but uncharged system. Three mechanisms for these effects have been proposed
by Dobry (1953). The ‘secondary’ effects are caused by interactions between charged
particles, while ‘tertiary’ effects are present when electrical forces cause the particles
to change their shape, as happens with polyelectrolytes. Here we shall be concerned
with the ‘primary’ effect. When charged particles are suspended in an electrolyte
they attract a cloud of counter-ions. Motion of the fluid distorts the charge cloud
producing additional stresses and modifying the Einstein coefficient which character-
izes the viscosity in the dilute limit. Previous theories (Booth 1950; Russel 1978;
Lever 1979) have assumed that the flow field around the particles is modified only
slightly by the presence of the charge cloud. In § 6 we shall remove this restriction.

Booth made the further assumption that the electrical energies of the ions were
much smaller than their thermal energies, i.e. ey, < k¥T where e is the electronic
charge, ¥, the potential at the surface of the particle, and k7' the Boltzmann tem-
perature. This implies that the number density of ions in the charge clouds differs only
by O(eyro/kT) from its value in the bulk solution. In nature values of eyr,/kT' as high
as five typically occur, so the second aim of this paper is to remove Booth’s assumption
that the potential is small. This will be achieved in §7.

We shall not be concerned with the origin and behaviour of the surface charge. Thus
we shall think of any layer of adsorbed ions as being part of the particle itself. The
particles will be sufficiently small for the flow to satisfy the Stokes equations, and we
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610 J. D. Sherwood

assume a constant viscosity g, right up to the particle surface. Our surface potential
¥, is conventionally known as the {-potential.

2. The equilibrium charge cloud

The equations governing the distortion of the charge cloud have been set down by
Booth (1950). We assume that the suspending electrolyte contains several species of
ions, each with number density n™ and valence 2. The charge carried by each ion is
ez™ and the total charge density p is

p = X, nm™Me.
m

Far from any charged particle the number densities of the ions attain limiting values

ne, where
Y ntame =0
m

for electrical neutrality of the solution. The electric potential ¢ is given by Poisson’s

equation:
Vg = —pfe,

where we require ¢ = yr, on the particle surface and ¢ — 0 far from the particles.
The ions move with the fluid under the influence of electrical and thermodynamic
forces. The velocity of an ion of the mth species is therefore
V7 = U+ 0™~ e2™"V — kTV log n™) (1)

where u is the fluid velocity and w™ the mobility of the mth species of ion. In future we
shall assume that all the ion mobilities are the same, and equal to w. This approximation
is fair for ions of similar molecular size, and enables us to study the charge density
rather than the motion of the individual ion species. We shall assume that the ions
are not taking part in reactions, and consequently that they satisfy the conservation
equation:

on™

—_ (e = 0.

T V. (nmvm)

When u = 0 the charge cloud is in thermal equilibrium and is not distorted by motion
of the fluid. Denoting thermal equilibrium by means of the subseript 0, the number
density »{' of the mth species of ion will be given by the Boltzmann distribution:

ng = ngexp [ — (ez"y/kT)].

Inserting this into Poisson’s equation gives the Poisson-Boltzmann equation:
Vi, = —= % 2mnBexp [ — (ez"go/KT)]-
m

When ey, < kT the exponentials may be expanded as a power series. After linearizing
with respect to the small potential, the Poisson-Boltzmann equation becomes

V2, = k2,

e2

= T =

where

K2 (z™)2 nZ.
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The Debye length x—1is a typical size of the charge cloud. We shall not for the moment
perform this linearization, but will instead restrict ourselves to an electrolyte con-
taining one species of positive monovalent ions and one of monovalent negative ions,
denoted in future by the superseripts + and - respectively.

In one dimension the Poisson-Boltzmann equation may be solved analytically.
Setting p = ed,/kT and letting ¢ be the distance from the charged plane, non-dimen-
sionalized with respect to x—!, the equation becomes:

V2p = sinh p.
This has solution

A+ e‘t} )

where 4 is a constant of integration which depends on the boundary condition at the
plane t = 0. In particular, for a plane at a given non-dimensional potential ¥,

_ e'h/’0+1
- e%i/’o_l'

Substituting this into (2), we find when ¢, is large that, outside a boundary layer of
thickness e—¥o,

—t
p= 2log{i—_i_:ﬂt+0(e—i%)}

-3t
~ 4 {e_t+—§- +... +0(e‘5¢’°)} when e *t<1.

Thus outside the boundary layer the potential saturates and attains a value indepen-
dent of ¥r,. The far field form is 4e~t, which is the linearized solution for a plane at
potential ¥, = 4. The presence of a boundary layer of thickness e~#¥0 in which p falls
from ¥, to a value of order 4 explains the difficulty which is always encountered when
solving the Poisson—Boltzmann equation numerically.

We now study the spherically symmetric charge cloud around a sphere of radius a.
Non-dimensionalizing the radial distance » from the origin by a,the Poisson—-Boltzmann

equation becomes
d’p 2d .
d_ig ;d—f = (ax)?sinh p
where
p=y, at r=1,

p—>0 as r-—oco.

This has to be solved numerically, and the solution is always smaller than the corres-
ponding linearized solution ¢, = 1 e*1—"/r. However, since the forces on the ions
depend on Vp rather than p, it isnot clear whether the electroviscous effect is increased
or diminished by linearization. We shall see later that both types of behaviour are
possible. A saturation of the equilibrium potential also occurs in three dimensions.
Figure 1 shows the coefficient of e~ /r in the far field as a function of ¥, for various
ak. As yry - 0o each curve attains the limit v, (ak). We can see that as ax — 0 the
linearized solution is good up to higher potentials, and that for ¢, < 2 it is accurate
to within 10 9, whatever the value of ax. The variation of ¥, with ax is shown in
figure 2.
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Ficure 1. The coefficient of ec*~"/r in the far field of an equilibrium
spherical charge cloud, for various ax.

When ax > 1 curvature is negligible. We may attempt a series solution of the
Poisson-Boltzmann equation, expanding p as p,+ p, + ... where p; is O(ax)~*. Defining
an inner variable ¢ by r = 1+¢/ax, we find that p, is simply the plane potential (2),

while
24t 1—e 2 9
P = @ e\ A2 :
Taking the limit ¥, — oo (i.e. 4 - 1) we find

o> et (ag 2 4te—t
Pot+DPy oA oK

as t— o0.

This inner expansion is valid only for ¢ < ak, but when ax is large the potential decays

sufficiently in the inner region for the linearized solution to be valid in the outer region,
and matching implies

2
¢11m~4+5,—(7 aK> 1.

When ax < 1 the term (ax)?sinh (p) in the Poisson-Boltzmann equation will not be
as large as V2p near the particle unless p ~ —log (ax). Errors caused by linearization
of sinh (p) will therefore not be significant at smaller potentials, and from figure 2
we see

Yum ~ 3—2-6log (ak) as ax—> 0. (3)

Close to a highly charged surface the Poisson-Boltzmann equation predicts an
exponentially large number density of counter-ions. Since each ion has finite size,
such a high density might not be attainable. Moreover, we have neglected such effects
as discreteness of the charge, ion-ion interactions, ion-surface interactions and
variationsin the dielectric constant of the solvent close to the particle surface. Levine &
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FIGURE 2. ¥y, = coefficient of 217" /r in a saturated equilibrium
charge cloud, as a function of ax.

Bell (1966) have estimated that for ¥, < 3, with an ion concentration < 0-1 moles/
litre, the corrections may be neglected, since they tend to cancel each other. Despite
all the attention lavished upon the equilibrium double layer, no generally valid theory
has been produced. In order to render our electroviscous problem tractable, there
seems no alternative but to adopt the unmodified Poisson-Boltzmann equation.

3. The distortion of the charge cloud and of the fluid motion around each
particle

Weak potentials

We first examine the distortion of the charge cloud caused by motion of the fluid.
Let us assume that ey, € k7': this implies that the electrical energy of the ions is
small compared with their thermal energy. The ion concentration »™ therefore differs
only by O(eyr,/kT) from its value n far from any particle. Substituting the expression
(1) for the ion velocity v into the ion conservation equation, we may then neglect
terms which are O(eyr,/kT')2. This enables us to perform a summation over the ion
species to obtain

Vip—k2p = V. (up)/wkT. (4)

Equation (4) represents a balance between the convective forces deforming the charge
cloud, and the electric and thermal forces tending to restore equilibrium. The ratio
of these two effects is measured by the Péclet number Pe = U /wkT«, where U is a
typical velocity. For a shear flow of strength I' with a typical length scale k—1, Pe
becomes I'/wkT'«k?. We assume Pe to be small, which is valid if I' is typically much
smaller than 108 s~1. Russel (1978) and Lever (1979) have removed this restriction
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but only in the limits of very thin and very thick charge clouds, respectively. Expand-
ing p as py+ p, + ..., where p, is O(Pe)*, (with a similar expansion for ¢), we obtain first
from (4) and from Poisson’s equation the equilibrium charge cloud ¢, = — p,/ex?,
where for a spherical particle of radius a,

Po = —ektfroae @ [r,
The first corrections p, and ¢, caused by the weak flow are governed by
V2p, — k%0, = V. (up,)/wkT (5)
and
Vig, = —py/fe. (6)

We assume that the suspending fluid has viscosity g,, is incompressible, and that
its motion is governed by the Stokes equation:

0= poV¥u—Vp—pVg

where the last term is the electrostatic body force. Expanding it for weak flow we
find that at the lowest order the unperturbed term p,V¢, may be absorbed into the
pressure and has no dynamical significance. The O(Pe) correction is governed by

VP = Vp+poV($; +py/ex?)

after again absorbing a term into the pressure. Since p, is typically O(Uekyr,/wkT)
and p, is typically O(ex?y,) the presence of the charge cloud causes a change u’ in the
velocity, where |w'|/U ~ yje/wkTp, This non-dimensional group, known as the
electric Hartmann number He, measures the ratio of the electric and viscous forces
acting on the fluid. However, in the case of a thin charge cloud (i.e. ak > 1), only the
velocity component normal to the surface distorts the charge cloud. Since this com-
ponent varies only quadratically with distance from the surface, the distortion of the
cloud is O(Pe/ax) and hence

{'ﬁﬁe/wkT,uoaK for ax > 1,
¢ ke/wkTu, otherwise.

The quantity ¢,+p,/ex? = ¥ say, appears in the Stokes equation and will recur
throughout the analysis. It was used by Booth (1950), but with little explanation.
We may think of Vy as the force acting on the charge cloud. pV¢, is the perturbed
electric force acting on the ions, while Vp, is proportional to the thermodynamic force.
Hence Vy is the net force restoring equilibrium. Combining (5) and (6) gives an equation
governing x alone:

V2y = u.Vp,/wkTk?%, (M

where we have used the incompressibility of the fluid. Our boundary condition is that
there should be no flux of ions into the surface of the particle, and hence j.n = 0 there,
where nisnormal to the surface and j is the current density. We are therefore neglecting
any flow of ions into or out of the Stern layer of adsorbed ions. Little is known about the
non-equilibrium behaviour of the Stern layer, but if its capacity is small, or relaxation
time large, then any surface currents will be small. By an appropriate summation of
(1) over all ion species, we find

j = pou—wkTex?Vy.
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Hence n.Vy = 0 on the surface of the particle, since u.n = 0 there. At infinity the
charge cloud and any perturbation decay to zero.

The distorted charge cloud with arbitrary surface potentials

We now remove the restriction that eyr, < k7', though instead, as in §2, we restrict
ourselves to one species of positive monovalent ions and one of monovalent negative
ions. We again assume that the Péclet number is small, and we therefore expand the
ion densities n as ny+ n,, where n, is O(Pe). We expand ¢ similarly. Linearizing in
the small Péclet number, the ion velocities may be written as

vi=u-— a;ic_ﬂ_’ VX

a0

where
Xi =NtetP + en, [kT.

The ion conservation equation is now
V.(ntvi) = 0.

To leading order in the Péclet number this is

nCO
VixX = Vp. Yy, = ——75u.Vp, (8a)
ViX_+Vp.Vy_ = +—=u.Vp. (8B)

The boundary condition that there should be no flux of ions into the surface requires
n.Vy, = 0. We again require that the charge cloud and its perturbation decay at
infinity:i.e. y, > 0 asr - c0.

4. The stress

We follow the presentation due to Batchelor (1970), as modified to include electrical
effects by Russel (1976). The contributions of the particles and their double layers to
the stress was shown by Russel to be

1 > fﬁ xo.n—-,uo(un+nu)dA+—1- pxVédv, (9)
Vparticles Shn V V—-ZV,

where S,,,V, are the surface and volume of the nth particle in the volume V. We now
assume that the suspension is dilute: the particles therefore contribute separately to
the stress. If there were no electrical effects the surface integral would give Einstein’s
term for the increase in the stress. However, the electrical force —pV¢ alters the
flow of the fluid and thereby modifies this surface integral. Rather than compute this
alteration to the entire flow field, we may instead immediately obtain the surface
integral via the reciprocal theorem. This makes use of a second, comparison, problem
in which there are no body forces and in which the particle is assumed to deform with
a given straining rate. If the velocity U outside a rigid particle in a straining flow



616 J. D. Sherwood

E.x is written in the form U = F.E, where F is a third-rank tensor constant, then the
reciprocal theorem shows that the total electrical contribution to the stress is

f pVé.Fdv, (10)
vy

where the integral is over all space outside the particle.

For weak potentials we can again make our small Péclet number expansion of p
and ¢. Using the properties of F, (10) may be expanded, correct to the first order in
the Péclet number, in the forms

f Vx.FpydV = —f Vp,-FxdV. (11)
Ve Vy

Thus we see that, when Pe < 1, x is indeed the only perturbed quantity required.
For arbitrary potentials the stress (10) may be put into the form

f V. Fele~Py, —ePy_}. (12)
Vs

Thus the contributions of the two types of ion to the stress integral (12) are uncoupled,
as are the equations (8) governing the perturbations of the ionic charge cloud. We
may now compare our theories for weak and for arbitrary potentials. Vy gives the
total force on the charge cloud, while Vy_ give the forces on the individual ion species.
When ¢, is small, ¥, become nf + n,e¢,/kT implying that ey, —ey_ = ex?y. Thus
X+ —X_18 O(¥,) as ¥, > 0. Adding equations (8a) and (8b) we obtain

Vi(x,+x-) = Vp.V(x,—x-)-

Hence x, + x_ is O(¥3) as ¥, > 0 and does not enter the linearized theory. We may
pursue this line of analysis further in order to obtain results for small potentials as
an expansion in ;. This problem is tractable when ax > 1 yielding a contribution to

the viscosity
15¢ kT ys Yl
L9 1

(ax)? wkT( ) q’{'/’°+64 3901 } as Yo 0. (13)

Here @ is the volume fraction of particles in the suspension, and ¢, is non-dimensional-
ized with respect to k7'/e. For small ¢, the effect is larger than predicted by linear
theory, while there is a suggestion that for larger potentials there could be a maximum.
However, (13) is maximal at ¢y = 7-2, which is well outside the range of validity of
the expansion.

5. Restriction to spherical particles
Weak potentials

The expression (10) for the stress applies to rigid particles of arbitrary shape. We now
restrict our attention to a spherical particle of radius a. Suppose the flow imposed at
infinity is linear and equal to E.x +£.x where E is the symmetric strain-rate tensor
and £ the antisymmetric vorticity tensor. The flow around the sphere in the absence
of electrical effects is

9..x+(1——-)E X+x 2 :E x.5(r5 “3), (14)

2 73
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As Russel (1978) explains, the vorticity merely rotates the particle and its charge
cloud without distorting the cloud, so to the first order in the weak flow it has no effect.
The governing equations form a sixth-order set of differential equations which for-
tunately are separable by spherical harmonics, so we look for solutions of the form

_x.E.x Voa?
x=25T g B,

r2

u= E.xg(r)+xx':'xf(r).

The functions f and g for an uncharged particle are given in (14), which also shows
that F = Ix(1 - a® %) — 5xxx(a’~3—a’r~5)/2. We now scale lengths by the radius of
the sphere. This is done for convenience in the numerical computation and results in
the parameter ax appearing explicitly in some analytic expressions. For example, the
Hartmann number becomes M = 2ey/¥(ax)?/wkTp, where the factor 2 is introduced
for convenience. The Stokes equation, and those representing the distortion of the
charge cloud (7) and the incompressibility of the fluid become

fn + 9f”r"1 + 6f’r‘2 _ 30fr—3 = M(am“3 + r—4) e“"(l—f)q(r), (15)
9" +2q'r™1 = 6gr~t = —e*U (g +f) (ak +r77), (16)
g+f +3fr1 =0, (17)

with boundary conditions
f,¢,(g—1)—> 0 at infinity,
¢.[,g=0 at r=1.
Having found y, we must finally evaluate the stress integral (11). Performing the

angular integrations analytically, we find that the electrical contribution to the vis-
cosity in a suspension of volume fraction ® is 20y 2e(ax)?J /wkT = MJ® where

J= f q(r) eA=7 (27 4 3r—4 — 5r=2) (1 + axr) dr /20.
1

Arbitrary potentials

In the more general case we know the potential p(r) only as a numerical solution of
the Poisson-Boltzmann equation, and we inevitably must solve the equations (8) for
x+ numerically. We look for solutions of the form

lX+} - M x.E.x lQ+(")}
x_| kT 2 \q_(r))°
where by (8)

gi+2r1q, —6r2q, —p'ql = —rp’(1—2-5r341-5r5), (18a)

q_ +2r g  —6r2q_+p'q. = +rp’(1—2-5r-341-5r75), (18b)

with boundary conditions
g, =0 at r=1,
g+ ~ O(r-3) as r—>o0.
Inequation (18) we have used the velocity field appropriate to low Hartmann numbers
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as given by equation (14). The angular integrations in the stress integral (12) may be
performed to give the increase in the stress of the suspension:

(ak)® e (kT\?
o o\ ) ED

where

I= f‘n (1 —2:5r-3 4 1.5,,.—5) (q+e_p_q_ep) g_ﬁz 2dr.
1

6. The Hartmann number
Small Hartmann numbers

In thissection we shall investigate how strongly our results depend upon the Hartmann
number. We therefore postpone our study of arbitrary potentials to §7: like Booth,
we shall assume here that the surface potential is weak. Booth found y using the un-
perturbed velocity field (14) in equation (16), and then calculated the change in the
stress. This method merely gives the leading term in an expansion for small Hartmann
numbers. Higher terms may be obtained by an iterative process. Having found y we
may use this result in the Stokes equations (15) and (17) to give a correction to u.
Returning to (16) we obtain a correction to y, and so the process continues. The
problem is tractable in the limit of a thin charge cloud (ax > 1), and predicts

beyrs eyrg
=180 (1 e, ( i+ )

First comes Einstein’s § term for uncharged spheres and the second term is that
obtained by Booth. The final term is O(H?) and we note the appearance of the Hart-
mann number predicted in § 3.1 for the case ax > 1. This additional term is negative:
the flow is modified so as to reduce the perturbation of the charge cloud (cf. Lenz’s
law). More generally, numerical solutions of the governing equations (15)—(17) indicate
that motion of the fluid diminishes as the electric forces increase, and the electro-
viscous effect therefore grows more slowly than the linear predictions of Booth’s
theory. When the Hartmann number becomes very large these solutions show the fluid
adjacent to the particle to be almost at rest. We shall first study these high Hartmann
numbers analytically and then look in more detail at the numerical results.

High Hartmann numbers

When the Hartmann number is large we intuitively expect the fluid close to the sphere
to be held at rest by the strong electric forces which would be created by any pertur-
bation of the charge cloud. These electrical effects decay exponentially away from the
sphere, while the viscous stresses vary only algebraically and therefore dominate far
from the particle. In between these two extremes there will be a transition region in
which the two sets of forces balance. We expect this region to have size k1, the length
scale on which the charge cloud decays. The numerical results confirm our intuition.
We examine each of the three regions in turn.

We approach the problem via the method of matched asymptotic expansions.
Near the sphere ¢#<®-" is O(1) and it is impossible to balance the large parameter M
against the highest derivatives of fand ¢ in (15) and (16). We must therefore conclude
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Figure 3. The flow function —f(r) plotted against radial position r for ax = 500, (@) for
M = 0, (b) for M = 10€. All but the last oscillation in (b) are too small to be shown to scale.

that f and ¢ are each exponentially small when (r — 1) is small. Any perturbation to
the charge cloud produces restoring forces so strong that the flow and perturbation
are reduced almost in zero. A balance becomes possible at » ~ R, where

e 1-B) — (qk R)2 M-, (19)
ie.

In M as M —> 0.

~

This asymptotic estimate is accurate only at very large M, and we shall prefer numeri-
cal solutions of equation (19). The asymptotic analysis is thus applicable when aR,
the dimensional radius of the sphere in which there is little motion, is much larger than
the length scale x—1 over which the electric fields decay.

At distances within O(ak) of r = R the electric forces and viscous forces can balance.
To investigate this region we define an inner variable y by r = R + y/ax and expand f as
fitfs+ ..., where f; is O(f;_,/Rax). We expand ¢ and g similarly. The dominant terms
of the governing equations (15)-(17) are then

Jiw = Mi evq,/R,
Gy = — € VR?ak(g, +f;) M—%,
Ty +f1y = - 3f1/RaK'

We can see clearly the balance between f, ~ Mg, and ¢, ~ (g, +f1) M~t. For y > 1
solutions have the form

fi~AdAeV+Be W+ Cyev+D+Ey+Fy? as y—> 0.
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/\

l

%\ /
Ficure 4. Sketch of the eddies which oceur at high Hartmann numbers.

For y € — 1 we balance the highest derivatives against the large factor e~¥ to obtain
solutions which decay as y - —co: \

exp[—3%¢e3] and exp [— §%e‘§y] s [—%i e—%ﬂ} ) (20)

2 cos | 2

Thus we can have solutions which are exponentially small for small r, as required.
Since the oscillatory solutions decay the more slowly, we expect them to dominate as
y - —oo. Figure 3 shows —f given by the numerical solution of the full equations at
M = 10, ax = 500; g and ¢ exhibit similar oscillations. The zeros of (20) occur at
3%¢~3¥/2 = nm 4 6 where 6 is some unknown phase. As n becomes large the half period
for r approaches (3ax)~'1In (1 + n~1). The decay between successive maxima is

exp (— 34m) = (6-133)1

When ax = 500 and M > 1 this period and rate of decay are in good agreement with
the full numerical solutions. When ax = 0-5 oscillations also occur, though the highest
value of Rax studied was only 4-5, and quantitative agreement was poor. We may
interpret these oscillations as a series of eddies, depicted in figure 4. Moffatt (1964)
found that the magnetic field due to a line current can produce two-dimensional
eddies by inhibiting radial motion in magneto-hydrodynamic flows. In our problem
it is the electric field which inhibits radial flow.

In the far field we expect a solution which varies on the length scale of the effective
radius B. We choose an outer variable w = Rr and look for solutions of the form
f=oaw3+pws, g=1-28/5ub q=yw3 Matching (f+g) with the solution in the
transition region we obtain 14 a+ 38 = 8B/Rak. Matching q gives y = —ARM-}4,
while matching f gives a+ § = 0, to leading order. Hence § = —a = § + corrections.
Thus the far field is flow around a rigid sphere of radius R.
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FiGURE 5. The increase MJ in the intrinsic viscosity due to electrical forces, plotted against M,
for ax = 500. The numerical computations are given by the solid curve and the asymptotic
predictions for M - 0 and M — oo are given by broken lines.

The particle contribution to the bulk stress can be derived from the stress integral J.
Alternatively one can look at Russel’s (1976) derivation of expression (9), and note
that it may be applied to any surface S, surrounding the particle. If we choose a
surface outside r = R the electrical forces contribute little to the volume integral,
while the surface integral yields the result for a rigid sphere of radius E. Thus we find
that the viscosity of the suspension becomes

Mo(1+3DR%) as M — oo,
where R increases only slowly as M increases.

Numerical results

In general we must solve the governing equations (15)—(17) numerically. They form
a sixth-order set of equations, with three boundary conditions at r = 1 and three at
infinity. A fourth order Runge-Kutta scheme was used, shooting outwards from r = 1
to beyond the charge cloud, where the nature of the algebraic decay of f, ¢ and (g— 1)
is known. Since the equations are linear, four shots suffice to determine the behaviour
of the solution for large r as a function of the initial conditions at r = 1: a fifth shot
then successfully attains the boundary conditions. When M = 0 the numerical
results agree with Booth’s theory, and for ax > 1, M < 1 they agree with the results
given in § 6.1. The behaviour was found to be similar for all values of ax, so two cases,
ax = 0-5 and 500, were investigated in detail and pursued to as high a value of M as
possible. When ax = 0-5 we require M = 10 before there is a 3 9, decrease in J. When
ak = 500 and M = 107, J has decreased by less than 4 %,. However, this very large
value of M corresponds to the Hartmann number given earlier for thin charge clouds
being just 0-04.

In figure 5 we plot the change in the intrinsic viscosity due to electrical forces, MJ,
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against M when ax = 500. For small M, J is constant and so the intrinsic viscosity is
proportional to M. Although J decreases for larger M, we observe that the intrinsic
viscosity always increases as M increases. The theoretical prediction MJ ~ 3(R%—1)
for large M is also plotted, where we have used R as obtained numerically from equa-
tion (18). There is a difference of 0-003 between this value of R and the one given by
a full solution of the governing equations. The two curves of figure 5 are therefore
parallel but not coincident. This difference becomes unimportant as R becomes large;
to remove it we should have to pursue further the asymptotic expansion and analysis.
Figure 6 shows the ratio of the computed values of MJ to the asymptotic predictions
for large M when ax = 0-5. As Rax becomes large the numerical result rapidly ap-
proaches the asymptotic theory. When M = 105, MJ = 1-9x 10® and is large, but
Kax is still only 4-5.

In conclusion, then, the electrical contribution to the intrinsic viscosity, MJ, is
less than predicted by Booth’s small-Hartmann-number theory. However, the
experimental values of M encountered are not usually very large. In the experiments
of Stone-Masui & Watillon (1968) H, is typically 6, while ax is typically 1. Thus M is
typically at most 12 and Booth’s theory overestimates the result by 3 9,. Although
the non-dimensional number H, measuring the strength of the electrical forces is often
not small, as assumed by Booth, we may conclude that in practical conditions it is not
sufficiently large to significantly affect his predictions. We shall use this result to
simplify the analysis of arbitrary potentials in §7, where we shall assume that the
Hartmann number is small.
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7. Arbitrary surface potentials
The numerical scheme

We assumed throughout §6 that the potential i, was small. We now remove this
assumption. Instead of solving equation (16) to find y, we must now consider sepa-
rately the individual ion species, solving (18) to obtain y.. The motion of the fluid is
still governed by the Stokes equation, but the results of § 6 tell us that the flow will
not differ greatly from that around an uncharged sphere (14), and this will suffice for
our purposes. There is therefore no need to consider an equation, analogous to (15),
for the motion of the fluid.

The differential equations were solved using a fourth-order Runge-Kutta scheme.
In this case, though, we must first find a numerical solution of the nonlinear Poisson—
Boltzmann equation which governs the unperturbed charge cloud. This was solved
using a shooting technique, starting at the surface of the particle (r = 1). Ideally a
freely varying step-length should be used in order to accommodate the thin boundary
layer close to the particle. However, since the results were to be tabulated and used
tofind y4,it proved convenient to make at most two changes of steplength. The integral
I was computed by Simpson’s rule. Halving all step lengths suggests that the accuracy
was about 1 9%, except for the very highest potentials when there may be 5 9, errors.

Booth’s (1950) theory predicts an electrical contribution to the viscosity which is
proportional to 3 and the numerical results increase quadratically when ¥, is small.
In the following sections we study the behaviour when ey, /kT becomes large, and
compare our analytic predictions with the numerical results. When ax > 1 the intrinsic
viscosity first increases to a maximum as ¥, increases, and then decreases to a limiting
value (see figure 8). In §7.2 we predict the initial increase in the intrinsic viscosity,
but the analysis breaks down before the maximum is attained. In § 7.3 we study the
region beyond the maximum. When ax <€ 1 the intrinsic viscosity increases mono-
tonically to a limiting value as i, increases (see figure 9) and we study this case in
§7.4.

Thin charge cloud with intermediate potentials 1 < et¥o < ak

When the double layer is thin we may to a first approximation neglect curvature.
Taking ¢t = ak(r ~ 1) as an inner variable, the equilibrium potential is given by the
one-dimensional solution (2). In terms of the inner variable the equation for y, (18a),
becomes

2 15 1

q+tt—pt9+t+7q;—t—%%2 = =3 PG (21)
We may neglect q,,/ax in comparison with p,q_; near the surface, since p, > 1. We
assume that g, is not sufficiently large for ¢, (ax)~2 to be important and verify this at
the end. Integrating (21) once and matching with an outer solution of the form C,r-3
outside the charge cloud, we find that C, = —20log 2(ak)~% = ¢,(0). Including the
term 8¢, (ax)~2 on the right-hand side of (21) as a correction, we find that it is indeed
negligible. Following exactly the same argument for ¢_, we obtain

q_(0) = 10(yr, — 2log 2) (ak)~2
but we find that the term 6q_(ax)2 is negligible only if ¢, < 2log (ax). When this
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Fiaure 7. The stress integral I{ax)! as a function of ¥, when ax = 104, The broken line D
shows the expansion (13) valid for small potentials, while the broken line D’ shows the predictions
of §7.2.

holds, both ¢, and ¢_ vary only slowly in the inner region. The stress integral [ can
now be evaluated. The positive ions are excluded from the innermost region close
to the positively charged particle, and are present only in the outer part of the charge
cloud. In the limit 4, > oo their contribution to the stress integral becomes

1200(log 2)2 (ax)—*

which is independent of yr,. This reflects the saturation of the outer part of the cloud.
The Boltzmann distribution for the number density of the negative ions increases
exponentially as we approach the particle, and their contribution

~ 300(¢, — 2log 2)2 (ax)¢
as Yy - co. Hence
I ~ 300(% — 4y log 2 + 8log? 2) (k) + O(ak)™3

which may be compared with the result I ~ 150y2(ax)* as i, —> O.
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Figure 7 shows the numerical results for I(ax)* as a function of ¢, when ax = 102,
When i, is small, we may compare them with the expansion (13), which is shown as
a broken curve D. The first term alone of (13) is out by 5 %, at {r, = 2, while all three
terms togcther are accurate to within 5 %, at ¢, = 5. A second broken line D’ indicates
the asymptotic result of this section. This is accurate to within 5 %, when v, = 5.
Because the analysis eventually breaks down, the upper limit of acceptable accuracy
depends on ak, and when ax = 10* we have 5 %, accuracy up to yr, = 9.

Thin charge cloud with high potentials 1 < (ax)? < (ak)2yr, S e¥vo
Figure 8 shows the numerical results for 7(ax)! as a function of i, for several large
values of ax. The stress integral I is scaled by (ak)? so that all curves should coalesce
onto the expansion for small potentials (13). We may note, however, that (13), regarded
as an expansion in powers of (a«)~! is poor unless ax > 100, since the next term is

Ho=po+3py 0+ @ ;52)1«:’1’( )(Dtﬁ(,{ 17+0(a.t<) } as ak —> 00.

The striking feature of figure 8 is the maximum which occurs on each curve. To the
left of the maximum the intermediate theory of § 7.2 holds, though it has hardly any
chance to become established unless ak > 100. This analysis, however, breaks down

when ¥, is no longer small compared with log (ax). We now study the high potentials
to the right of the maximum.

When 9/, > 1 the equilibrium potential p varies rapidly across a region of thickness
t ~ e~¥o. We also know from (18b) that the Taylor expansion for g_is

g = q_(0) (1+3t¥ax)?+...)
when ¢ is small. The equation for ¢_ equivalent to (21) is
(€7q_y); — 6q_eP(ax) 2+ 2¢_yeP(ax)™! = 15p,ett?/2(ak)2.

As before, we neglect the third term on the left-hand side, but in § 7.2 we found that
the second term is important at very high potentials. We may re-write the equation as

f ; {”te” 2(1a5£2>3 * ﬁq—(;zﬁ}
‘(i%a{(A_—tzee—_t:fA(jti s (AT_eTt)}
+64_(0) (f:;z {2 et (t - fe_t)} +0(ax)-

—30( —t2e? et
(A—e?)2 A-—

ePg_y

—+2log (4 — t)+¢‘0—210g2}

et

= F(t), say.
The term g_(0)e¥o comes from the integral fq_epdt with t = O(e—1¥s). We should
therefore add to F(t) a correction _[ﬁq”_el’(ak)‘2 dt where g_ = q_(0)+§(t). However
since §_ is O(g_(0)e~¥0) when ¢ = O(e~#¥0) there is no large contribution from this
correction. If we are to match ¢_ with an outer solution ¢,7—* valid outside the charge

as ry—>00
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Ficure 8. The stress integral I{ak)* as a function of ¥, for various large values of ak. The
broken line indicates the predictions of §7.3. The line A’ shows the contribution of the positive
ions when ak = 100.

cloud, we require g_; to be O(F /ax) for large ¢, where F is defined above, and hence
the two large constants must vanish, i.e.

sl 2. \}Wo

(71&0 -2 IOg 2) e—i!/’o .
2ak

(aK
implying

q(0)=5

When ax = 100 this agrees with the full numerical result to within 1 9%, for ¢, > 16.
When matching with the outer solution we assumed that ¢_ was typically O(F) and
hence that q_(0) was no larger than |F| i.e. Yge 3 < (ak)~2. This therefore defines
the range of validity of the analysis. The dominant contribution of the negative ions
to the stress integral I comes once again from the region near £ = 0, and is

5(yr — 2log 2)% e~Ho(ak) S+ O(YgeH¥o(ak)™) + O(ak) ™ as Y, —> 0

(since corrections to p are O(p(ak)~!) and corrections to q_ are O(F(ax)~%)). Hence as
¥y > oo the contribution of the negative ions decays to O(ak)~5, while the positive
ions still contribute O(ak)~*. The full expression for I is

I ~ 75()4— 2log 2)2 e~Ho(ax)~3 4 1200(ax)~*log2 2+ O(ak)™® as P, —> 0.

The positive ions are still repelled from the particle into the outer, saturated, part
of the charge cloud. Their behaviour has not changed, and is still given by §7.2, but
we must examine the new behaviour of the negative ions. The distortion of the spherical
charge cloud is caused by motion of the fluid normal to the surface, near which
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u.n oc 2. Hence in the innermost boundary layer of thickness e~#¥¢ the normal flux
of ions is O(n,,). For a given perturbation n7 of the charge cloud, y_ ~ n7e? and is
small, as is the non-equilibrium force on the ions Vy_ ~ nye PVp. However, this
force acts on the large number of ions n,e? in the boundary layer and the resulting
flux is O(n7n,Vp). A balance between these fluxes in the ion conservation equation
is only possible if the perturbation of the charge cloud in the boundary layer is very
small i.e. if g_(0) — 0 as i, - c0. Russel found no such restriction when the potential
was small, and the resulting large tangential forces on the ions gave the dominant
contribution to the stress. These tangential forces have disappeared now that the
perturbation of the cloud is small.

The predicted values of the stress I are shown on figure 8 by broken lines. To demon-
strate that it is indeed the contribution of the positive ions that dominates at large
potentials, the line 4’ shows their contribution when ax = 100, as calculated numeric-
ally. It is 4-9 x 10-%, rather than the 5-8 x 10-% predicted in §7.2.

Thick charge clouds with high potentials

Figure 9 shows the behaviour of I(ak)? as i, increases for various small values of ax.
I is scaled by (ax)? so that all curves should coalesce onto Booth’s results for thick
charge clouds when the potential is small. As the charge cloud becomes thicker, the
maximum in the curves disappears, and we are left with monotonic increase to a
limiting value. We may easily grasp the physical mechanism governing thick charge
clouds without resorting to a mathematical analysis. Lever (1979) has shown that at
small potentials the dominant contribution to the stress integral comes from the large
O(x—3%) volume of the charge cloud rather than the small O(a3) volume near the particle,
and that the boundary conditions on the surface of a point-particle form an inner
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showing the approach to unity as ax — 0.

problem which may be neglected. Hence the important region is exactly that in which
the equilibrium potential saturates. I suggest here that the saturation of the equili-
brium charge cloud is the dominant effect, and that the theory for small potentials
need only be modified in this one respect. Thus we expect that

B, = ./,?_I,I:O(I) == lim {—;E} = B,, say. (22)
Ylim pom0 0

In figure 10 the ratio B,/B, is plotted against log (ax). It does indeed approach 1 as
ax — 0. Booth found that B, ~ 0-5(ax)~® when ax < 1. Using the result (3) for ¥,
as ak - 0 we obtain
(3 —2-6log ax)?
2(ak)3
Figure 11 shows the ratio of the numerical results to Booth’s predictions for small
potentials, i.e. it shows I/(B,¥3) as a function of ¥,. We see that Booth’s theory is
reasonable up to yr, = 2, where the error is less than 10 9,. The sign of the error varies.
Booth’s theory is always an overestimate when ax is small, but when ax is large it is
first an under-estimate. When i, = 5 the numerical result is 40 9%, below Booth’s
predictions at ax = 10, and 20 9%, above at ax = 103. We may also see that Booth’s
theory is accurate up to higher potentials as the charge cloud becomes thicker, because
the onset of saturation of the charge cloud is delayed. We have pursued the analysis

I~ as Y,—>o0 when ak <1.
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up to very high potentials in order to understand the physical mechanisms involved.
In nature, however, potentials rarely exceed five. Even so, the modification to earlier
theories is not negligible and must be included in any interpretation of experimental
results.

O’Brien & White (1978) have recently studied electrophoresis. Because this involves
motion caused by the application of a uniform electric field, the perturbations to the
charge cloud take the form of first harmonics rather than second. Otherwise the prob-
lem, and the results they obtained in a numerical study, are similar: they too found
maxima occurring when ax was large, and monotonic increase to a limit when ax
was small.

The author is grateful to his supervisor, Dr E. J. Hinch, for his advice and en-
couragement throughout this work, which was supported financially by the Science
Research Council.
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